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1. Introduction
One of the most fundamental results of representation theory of Artin algebras is Auslander’s
correspondence [1]. It provides a homological characterization of ﬁnite representation type through
a bijection, up to Morita equivalence, between algebras of ﬁnite representation type and algebras
of global dimension at most two and dominant dimension at least two. Here, global dimension at
most two means that cohomology between modules vanishes in degrees three or higher. Dominant
dimension at least two means there exists an injective resolution of the regular module such that
at least the ﬁrst two injective modules are projective as well. The correspondence sends an alge-
bra Λ of ﬁnite representation type to the endomorphism algebra A of a module M containing each
indecomposable module as a direct summand, up to isomorphism. This module M is in particular
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M. Fang, S. Koenig / Journal of Algebra 332 (2011) 428–433 429a generator–cogenerator, that is, it contains each indecomposable projective module and each in-
decomposable injective module as a direct summand, up to isomorphism. Equivalently, Auslander’s
correspondence shows that an algebra A has ﬁnite representation type if and only if it has represen-
tation dimension two.
Auslander’s correspondence can be viewed as a restriction of a very general correspondence, due
to Morita and Tachikawa (see [8,10,11]):
{
(Λ,M)
∣∣∣Λ an Artin algebra
M a generator–cogenerator
}
←→
{
A
∣∣∣ A an Artin algebra
domdim A  2
}
Here, the pair (Λ,M) is sent to A = EndΛ(M). Thus, endomorphism algebras of generator–
cogenerators always have dominant dimension at least two, and are characterized by this property.
Auslander’s correspondence demonstrates how to apply this general principle by making a particular
choice of (Λ,M).
The main result of this article, Theorem 3.2, provides a new correspondence in this style, where Λ
is now restricted to symmetric algebras:
{
(Λ,M)
∣∣∣Λ ﬁnite dimensional symmetricalgebra, M a generator inΛ-mod
}
←→
{
A
∣∣∣∣∣
A ﬁnite dimensional
HomA(D(A), A) ∼= A
as (A, A)-bimodules
}
Here, D denotes the duality over the ground ﬁeld. Further characterizations of the right-hand side
are also contained in the main Theorem 3.2. We remark that generators over symmetric algebras are
the same as cogenerators, therefore, no confusion will arise when talking about generators instead of
generator–cogenerators for symmetric algebras.
Motivation for proving this result comes from investigating abstract frameworks for Schur–Weyl
duality and (relative) Schur equivalences. Indeed, dominant dimension at least two is a necessary and
suﬃcient condition [2] for a double centralizer property to hold on a projective–injective module.
In [7] it has been demonstrated that classical and quantized Schur–Weyl duality as well as Soergel’s
structure theorem for category O can be proven by computing dominant dimensions. More recently,
(relative) Schur equivalences have been established in algebraic Lie theory, which relate for instance
Weyl ﬁltered representations of general linear groups with Specht ﬁltered representations of sym-
metric groups [6,4,5]. These equivalences extend and imply Schur–Weyl dualities. In [3] it has been
shown that such relative Schur equivalences are controlled by dominant dimension. In fact, the larger
the dominant dimension of A, the better the equivalence in the sense that it preserves cohomology
groups in the range of degrees from 0 to domdim(A)2 − 2. A crucial ingredient in proving these results
has been condition (1) in the correspondence in Theorem 3.2, where the algebras A on the right-
hand side are certain quasi-hereditary algebras with dualities. The algebras Λ in these situations are
always symmetric, and this property is necessary in the setup of [3]—Theorem 3.2 explains why it is
necessary.
The algebras A on the right-hand side of the above bijection always have dominant dimension at
least two. The precise value of their dominant dimension will be determined in Proposition 3.3, which
can be seen as a counterpart of Müller’s well-known cohomological characterization of dominant
dimension.
2. Preliminaries
Throughout, algebras are ﬁnite dimensional k-algebras, where k is an arbitrary ﬁeld. Modules are
ﬁnite dimensional left modules unless stated otherwise. Let A be an algebra. We denote by A-mod
and mod-A respectively the category of left (respectively right) A-modules. Let D = Homk(−,k) :
A-mod → mod-A be the k-duality. If M is an (A, B)-bimodule and N is an (A,C)-bimodule, then
HomA(M,N) ∼= HomA(D(N),D(M)) as (B,C)-bimodules.
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such that
β(ab, c) = β(a,bc) ∀a,b, c ∈ A
A is called a symmetric algebra if in addition β is symmetric i.e., β(a,b) = β(b,a) for any a,b ∈ A.
Given a Frobenius algebra A and a non-degenerate associative bilinear form β as above, there exists
a unique algebra automorphism ν , called Nakayama automorphism, such that
β(a,b) = β(ν(b),a) ∀a,b ∈ A
By [11, Theorem 2.4.1], A is symmetric if and only if ν is an inner automorphism. For an A-module M ,
we denote by νM the ν-twist of M . Similarly, we denote by Nν the ν-twist of a right A-module N .
The bilinear form β induces (one sided) module isomorphisms β : A A ∼−→ D(AA) and βr : AA ∼−→
D(A A). After twisting these become, in fact, (A, A)-bimodule isomorphisms [11]:
β : A ∼−→ D(A)ν and βr : A ∼−→ ν−1 D(A) (1)
The dominant dimension of an A-module M , which we denote by domdimM , is the maximal num-
ber t (or ∞) having the following property: Let 0 → M → I0 → I1 → ·· · → It → ·· · be a minimal
injective resolution of M , then I j is projective for all j < t (or ∞). The dominant dimension of a right
A-module is deﬁned similarly. Then domdim A A = domdim AA for which we write domdim A.
If domdim A  1, there is a unique minimal faithful right A-module (up to isomorphism) and
it must be projective and injective, therefore of the form f A for some idempotent f in A. Clearly,
f A is a generator–cogenerator as a left f A f -module. For each A-module M , there is a canonical
A-module homomorphism from M = HomA(A,M) to Hom f A f ( f A, f M) by restriction. In particular,
A ∼= End f A f ( f A) canonically if and only if domdim A  2 see [10,11]. The Morita–Tachikawa corre-
spondence mentioned in the introduction in this situation sends the algebra A (on the right-hand
side of the correspondence) of dominant dimension at least two to (Λ = f A f ,M = f A). Conversely,
it sends the pair (Λ,M) from the left-hand side to the endomorphism ring A ∼= EndΛ(M). To turn the
correspondence into a bijection, we only need to require Λ to be basic in the pair (Λ,M).
The following theorem is crucial in characterizing dominant dimensions.
Theorem 2.1. (See Müller [9].) If domdim A  2 and f A is a faithful projective–injective module for some
idempotent f ∈ A, then for any module M, one has domdimM  n 2 if and only if M ∼= Hom f A f ( f A, f M)
canonically, and Extif A f ( f A, f M) = 0 for 1 i  n − 2.
3. Results
Lemma 3.1. Let A be a ﬁnite dimensional k-algebra. If there exists a right A-module monomorphism θ : A →
HomA(D(A), A), then domdim A  1.
Proof. Suppose θ exists. Then ϕ = θ(1) is the left A-module homomorphism from D(A) to A. Since θ
is injective, θ(a) = ϕ ◦a 
= 0 for any 0 
= a ∈ A. Let e1, . . . , en be a complete set of primitive orthogonal
idempotents in A. Let eiri je j be a nonzero element in the socle of Ae j . Since ϕ ◦ (eiri je j) 
= 0, there
exists f ∈ D(A) such that ϕ( f )eiri je j 
= 0. We may write
ϕ( f ) = aiei +
∑
j 
=i
a je j
where aiei /∈ rad(A) and a j ∈ A for j 
= i. Consider the composition of morphisms:
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ϕ−→ A pi−→ Aei
where pi is the projection. It follows that piϕ is surjective since piϕ( f ) = aiei generates Aei . It fol-
lows that Aei is a direct summand of D(A) and hence it is an injective module. So the injective hull
of A is projective, that is, domdim A  1. 
Theorem 3.2. Let A be a ﬁnite dimensional k-algebra. The following statements are equivalent:
(1) domdim A  2 and D(Ae) ∼= eA as (eAe, A)-bimodules, where Ae is a basic faithful projective–injective
A-module,
(2) HomA(D(A), A) ∼= A as (A, A)-bimodules,
(3) D(A) ⊗A D(A) ∼= D(A) as (A, A)-bimodules,
(4) A is the endomorphism ring of a generator over a symmetric algebra.
Condition (1) has been assumed in [3], in combination with additional conditions such as A being
quasi-hereditary. In this setup, it has been shown in [3] that condition (4) is a consequence. In the
examples considered in [3], condition (4) is a very natural property.
The equivalence between (1) and (4) is the reﬁnement of Morita and Tachikawa’s correspondence
announced in the introduction. The algebra Λ of the introduction is the symmetric algebra in (4),
denoted by eAe in the following proof.
Proof. (1) ⇒ (2) Since domdim A  2, one has EndeAe(eA) ∼= A as (A, A)-bimodules by the double
centralizer property [10,2]. Therefore,
HomA
(
D(A), A
)∼= HomA(D(A),HomeAe(eA, eA))∼= HomeAe(eA ⊗A D(A), eA)
∼= HomeAe
(
eD(A), eA
)∼= HomeAe(D(Ae), eA)
∼= HomeAe(eA, eA) ∼= A
as (A, A)-bimodules, since eHomk(A,k) ∼= Homk(Ae,k) as (eAe, A)-bimodules.
(2) and (3) are clearly equivalent.
(2) ⇒ [(1) and (4)] By Lemma 3.1, domdim A  1. Let Ae (respectively f A) be a minimal faithful
left (respectively right) A-module. Then D(Ae) ∼= f A as right A-modules. Let 0 → A → I0 → I1 be a
minimal injective presentation. Then I0 is projective and injective. Applying HomA(D(A),−) to the
sequence, we obtain
0 → A → HomA
(
D(A), I0
)→ HomA(D(A), I1)
since HomA(D(A), A) ∼= A as (A, A)-bimodule. The left module HomA(D(A), I0) is a direct summand
of a direct sum of copies of HomA(D(A), Ae) ∼= Ae. Hence it is projective and injective. Moreover,
HomA(D(A), I1) is a direct summand of a direct sum of copies of Hom(D(A), D(A)) ∼= A, which is
projective, and thus it is a submodule of some projective and injective module. This implies that
domdim A  2. Furthermore,
Ae ∼= HomA
(
D(A), A
)
e ∼= HomA
(
D(A), Ae
)∼= HomA(D(Ae), A)
∼= HomA( f A, A) ∼= A f
as left A-modules. Therefore, e and f are equivalent in A. This implies that there is a right A-module
isomorphism π : eA ∼−→ D(Ae). Deﬁne (−,−) : eA × Ae → k to be (ea,be) = π(ea)(be). Clearly, this
form is non-degenerate and for any x ∈ A,
(eax,be) = π(eax)(be) = (π(ea) ◦ x)(be) = π(ea)(xbe) = (ea, xbe)
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Nakayama automorphism with respect to this bilinear form. Then for any exe ∈ eAe,
(exea,be) = (exe, eabe) = (eabe, ν−1(exe))= (ea,beν−1(exe))
So eA π−→ ν−1 D(Ae) is an isomorphism of (eAe, A)-bimodules and
eAe ∼= eHomA
(
D(A), A
)
e ∼= HomA
(
D(eA), Ae
)∼= HomA((Ae)ν−1 , Ae)∼= ν−1(eAe)
as (eAe, eAe)-bimodules. We claim that ν is an inner automorphism. Indeed, let γ be the isomor-
phism above. Then for any eae ∈ eAe,
γ (eae) = ν−1(eae)γ (e) = γ (e)eae
Since γ (e) is invertible, it follows that ν−1(eae) = γ (e)eaeγ (e)−1. Hence ν and ν−1 are inner auto-
morphisms. A general fact about the Nakayama automorphism (see [11, 2.4.1]) states that a Frobenius
algebra is symmetric with respect to a certain bilinear form if and only if the Nakayama automor-
phism associated with this form is inner. Therefore, eAe is symmetric, and (4) has been established.
Next we will show that D(Ae) ∼= eA as (eAe, A)-bimodules. To this end we adjust π using l := γ (e)
to deﬁne a non-degenerate bilinear form 〈−,−〉 : eA × Ae → k as follows
〈ea,be〉 = (ea,bel−1)
Then 〈exea,be〉 = (exea,bel−1) = (ea,bel−1ν−1(exe)) = (ea,bexel−1) = 〈ea,bexe〉. This implies D(Ae) ∼=
eA as (eAe, A)-bimodules and completes the proof of (1).
(4) ⇒ (2) Let Λ be a symmetric algebra and M a generator over Λ. Then by Morita and
Tachikawa’s correspondence, A = EndΛ(M)op has dominant dimension at least 2 and there is a double
centralizer property
EndΛ(M) ∼= A, EndA(M) ∼= Λ
Therefore, D(M)⊗Λ M ∼= D(A) as (A, A)-bimodules and M⊗A D(M) ∼= D(Λ) ∼= Λ as (Λ,Λ)-bimodules,
where the last isomorphism uses Λ is symmetric and the other isomorphisms are adjunctions. Con-
sequently, there is a sequence of isomorphisms of (A, A)-bimodules
HomA
(
D(A), A
)∼= HomA(D(A),HomΛ(ΛMA,M))∼= HomΛ(M ⊗A D(A),M)
∼= HomΛ
(
M ⊗A D(M) ⊗Λ M,M
)∼= HomΛ(M,M) ∼= A 
The following proposition provides a new characterization of dominant dimension in our setup.
It is different from Müller’s (Theorem 2.1) in that it uses cohomology over the original algebra A, not
over the endomorphism ring of the faithful projective and injective module. This extends a similar
characterization obtained in [3] for a class of quasi-hereditary algebras A.
Proposition 3.3. Let A be a ﬁnite dimensional k-algebra and n  2 a natural number. Suppose
HomA(D(A), A) ∼= A as (A, A)-bimodule. Then for any A-module M, domdimM  n if and only if
HomA(D(A),M) ∼= M and ExtiA(D(A),M) = 0 for i = 1,2, . . . ,n − 2.
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lution of M . If domdimM  n, then by deﬁnition the injective modules I0, . . . , In−1 are pro-
jective. Let ϕ :HomA(D(A), A) ∼= A be the given (A, A)-bimodule isomorphism. Then obviously,
HomA(D(A), I) ∼= I , using ϕ , for any I that is projective. Applying HomA(D(A),−) to the above in-
jective resolution gives HomA(D(A),M) ∼= M and ExtiA(D(A),M) = 0 for 1 i  n − 2.
Conversely, there is the following long exact sequence 0 → M → HomA(D(A), I0) →
HomA(D(A), I1) → ·· · → HomA(D(A), In−2). Since I0 is injective, HomA(D(A), I0) is a direct sum
of direct summands of HomA(D(A)A,D(A)) ∼= A A and is therefore projective, it follows that
domdimM  1 and I0, which is the injective hull of M , must be projective. Consequently,
HomA(D(A), I0) ∼= I0, again induced from ϕ . Proceeding by induction, we obtain that I0, I1, . . . , In−1
are projective, i.e., domdimM  n. 
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